LIMITS, 
ANALYTIC GEOMETRY, 
AND APPROXIMATIONS 


5.1 INFINITE LIMITS 


Up to this point we have studied three types of limits: 
lim f(x) = L means f(x) ~ L whenever x = c but x #¢. 
lim, f(x) = L > means f(x)  L whenever x = c but x > c. 


lim f(x) = L means f(x) x L whenever x ~ c but x <c. 
x7e7 


The limit notation lim,..,, f(x) = L means that whenever H is positive 
infinite, f(H) ~ L (Figure 5.1.1(a)). 

lim... f(x) = — oo means that whenever x = c and x ¥ c, f(x) is negative 
infinite (Figure 5.1.1(b)). The various other combinations have the meanings which 
one would expect. 


. Ll 
EXAMPLE 1 lim — = oo. 
x70 X 
. i . 1 
EXAMPLE 2. lim — = co, lim — = —oc. 
x70* Xx x70- X 


EXAMPLE 3. Find lim este . 
xo 2x* — 6x3 + 7 
Let H be positive infinite. Then 
3H*+4+5H—-2 345H 3>-—2H-+ 
2H* —6H? +7 2-—6H-!4+7H-* 
3H* + 5H —2 3+0-0 3 
Wael “22040 2 


and therefore x 


Thus the limit exists and is 3. 
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infinite 
telescope 


infinite 
microscope 
(a) lim f(x) = L 


xu 


infinite 
microscope 


infinite 
HH telescope 


ee a ne ee ey 
~ 
~~ 


(b) lim f(x) = — 0 
Figure 5.1.1 xc 


EXAMPLE 4 Find lim (x° + 200x?). 


We have x* + 200x? = x?(x + 200). When H is negative infinite, H? is 


positive infinite and (H + 200) is negative infinite, so their product is negative 
infinite. Thus 


lim (x? + 200x?) = — oo. 


LF — 


5.1 INFINITE LIMITS 
When lim f(x) = co or —, 
xc 


the limit does not exist, because f(x) has no standard part. The infinity symbol is 
only used to indicate the behavior of f(x) and is not to be construed as a number. 


EXAMPLE 5 A student can get a score of 100é/(t + 1) on his math exam if he studies 
t hours for it (Figure 5.1.2). If he studies infinitely long for the exam, his score 
will be infinitely close to 100, because if H is positive infinite, 


{10H _ 100} 100 | 
Het Way Teo 


100. 


In the notation of limits, 


_— 100¢ 
~ ttl 


~ 


Figure 5.1.2 


EXAMPLE 6 Given any polynomial 
f(t) = a,t" + a,_,t"7) + +++ + ayt + do 


of degree n > 0, the limits as t approaches —oo or +o are as follows. 
Suppose a, > 0. When n is even, lim,._,, f(t) = ©, lim,.,, f(t) = ~. 
When un is odd, lim,.,_,, f(t) = — ©, lim,.,, f(t) = 0. 

The signs are all reversed when a, < 0. 

All these limits can be computed from 


qu} 


feee yt 


SQ) = ta, + 


EXAMPLE 7 In the special theory of relativity, a body which is moving at constant 
velocity v, —c < v < c, will have mass 
Mo 


n= 
1 — v*/c? 


and its length in the direction of motion will be 


l = Ip./1 — v7/c?. 
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EXAMPLE 8 Evaluate lim 
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Here ig, [9, and ¢ are positive constants denoting the mass at rest (that is, 
the mass when v = 0), the length at rest, and the speed of light. 


Suppose the velocity v is infinitely close to the speed of light c, that is, 


v=c-— 6, é > 0 infinitesimal. 


a (ee)? c? — (ec? — 2ce + €’) 
Then J a I aa —— 
[ee e / 2 6 
= = Ee = : 

We ee C ge 
which is the square root of a positive infinitesimal. Thus yi w/c? is a 
positive infinitesimal. Therefore for v infinitely close to c, mis positive infinite 
and / is positive infinitesimal. That is, a body moving at velocity infinitely 


close to (but less than) the speed of light has infinite mass and infinitesimal 
length in the direction of motion. In the notation of limits this means that 


in ———— = +x, 


Caution: This example must be understood in the light of our policy of 
speaking as ifa line in physical space really is like the hyperreal line. Actually, 
there is no evidence one way or the other on whether a line in space is like 
the hyperreal line, but the hyperreal line is a useful model for the purpose of 
applications. 


sin X 


xtra xX 


When H is positive infinite, sin H is between —1 and 1 and thus finite, so 
(sin H)/H is infinitesimal. The limit is therefore zero: 

. sinx 

lim —— = 0. 


x70 OX 


EXAMPLE 9 Find lim cos x. 


If H is any integer or hyperinteger, then 
cos (27H) = 1, cos (27H +n) = —1. 


In fact, cos x will keep oscillating between 1 and —1 even for infinite x. 
Therefore the limit does not exist. 


Limits involving e* and In x will be studied in Chapter 8. 


PROBLEMS FOR SECTION 5.1 


Find the following limits. Your answer should be a real number, co, — o, or “does not exist.” 
With a calculator, compute some values as x approaches its limit, and gee what happens. 
: x x 


1 


2x +5 
3 lim 1? — 102? — 6¢ — 2 
i->o 
. x?—-x+4 
= ia 3x? + 2x —3 
Sy? + 3y? +2 
7 it i ert 
peeks 3y3 —6y +1 
9 lim Vx+t+2 
x70 /3x + | 
11 lim x — \/x 
13 lim 2/x + 2 
15 lim en. 
xa 3 x 
17 lim 1 + — 
x>07 x 
19 in, = 
x70 X x 
21 fimo =" 
xo X" — 
23 : 
too /4t? + 1 
t?742 
2 VES 
: t>-wo 4¢+2 
: St +2 
a an t??—6t+1 
. 1-57} 
9 bay ort 
. 1+ 2:7! 
2 Fi Tor 
. 1-x 
33 im —x 
ytil 
35 im 
y73+ (y — 2) — 3) 
; ytil 
37 li 
y>3 (y — 2)(y — 3) 
3b 44 
39 11 t? +t-2 
x44 
41 li 
rece x? —4 
43 lim ./x + 2 — apie 
45 lim ./3x + 1 — 2,/x 


lim 
x7@ 


x70 


2 


4 


20 


22 


40 


42 


5.1 INFINITE LIMITS 


lim 


x7 —@ 4x — 10 

lim 4¢? + 6t + 2 

t+- 0 

lim 2x? — 4x + 1 

x70 3x? + 5x =. 6 
4 13 

lim y y+i 


yoru 2y* = 4y? +5 
lim ae Bia Au 2Ju 
ura 4 — Ju 
tim Je+ Jeri 


lim ./2—x 


x7- 0 


1 
lim —= 


x70t Vx 


1 
lim 1 + — 
x7or x 


i 1 1 
pare Jx x 
lim 10x? +x +2 
x0 x? = 4x? -—1 


lim e-— 6744 
tom 2t* + 0 — 5 


5+ 6t7! +47? 


Ms arty a 
lim — 20714147? 
1-0 3- 4r7! 
lim nae 
x-2+2—X 

P y+tl 
wt O—Dy 3) 
x45 x? — 10x + 25 
Gm +4 
x72x° —4 
ims 


xeity —2./x 4+] 
lim (x + 1? — x3/? 


x7? oO 


ling 


x70 
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47 lim ./x? +x—x 48 lim ./x*? +1—x 


49 lim /r41 — Jt) 50 lim Ji(\/t+2- Ji +1) 
ne 70 
is lim /u? = 3u +2 — Ju? + 1 52 lim Vt 2 = Vx 


Im 


ute x70 /x + _ Jx 
53 lim Yt +4 — St 54 lim YP + 1-1 


tro 7m 
55 lim cos (1/t) 56 lim sin (1/t) 
7-x% | healt 9 
57 lim SO! 58 tim SOS! 
tox trex f 
59 lim sin @ 60 lim @ cos @ 
Om x O07 x 
61 lim tan 0 62 lim tan @ 
0-0 86> 2/2 
63 lim tan é@ 64 lim tan @ 
O>ni/2* a> nj27- 
65 lim sin (1/x) 66 lim x cos (1/x) 
67 lim “S* 68 lim <S* 
x70+ X x70- xX 
69 Prove that if lim,_.. f(x) = c then lim... 1/f(x) = 0. 
71 Prove that if lim,.., f(x) = 0 and f(x) > 0 for all x, then lim,., 1/f(x) = oc. 
72 Prove that if lim,.9- f(x) exists or is infinite, then 
lim J (x) = lim f(1/). 
x>0* | ade 
73 Prove that if lim,.,,, f(x) exists or is infinite then 


lim f(x) = lim f(1/0) 


L'HOSPITAL’S RULE 


Suppose f and g are two real functions which are defined in an open interval con- 
taining a real number a, and we wish to compute the limit 


tig 
xa B(x) 
Sometimes the answer is easy. Assume that the limits of f(x) and g(x) exist as x — a, 


lim f(x) = L, lim g(x) = M. 


xa x7a 


If M # 0, then the limit of the quotient is simply the quotient of the limits, 
f(x) L 


im = . 
x7a 2(x) M 


This is because for any infinitesimal Ax # 0, 


rad OY ag f(a + Ax)\ _ st(f(a + Ax) _ L 
xa 2(x) g(a + Ax) st(g(a + Ax)) M- 
If L #Oand M = 0, then the limit 


. S) 
Lee 


5.2 L’HOSPITAL’S RULE 


does not exist, because when Ax # 0 is infinitesimal, f(a + Ax) has standard part 
L # Oand g(a + Ax) has standard part 0. 
But what happens if both L and M are 0? In some cases a simple algebraic 
manipulation will enable us to compute the limit. For example, 
FST es ee DIY. 


1 lim —1l)= -2 
paa x+1 ct x+1 pone i ) : 


even though both the numerator x* — 1 and the denominator x + 1 approach 0 as 
x approaches — 1. 

In other cases PHospital’s Rule is useful in computing limits of quotients 
where both L and M are 0. Before stating lHospital’s Rule, we introduce the notion 
of a neighborhood of a point c (Figure 5.2.1). 


i ttt bh Ap ht teeth tf ff ty 


¢c 
A neighborhood of ¢ 
Figure 5.2.1 


DEFINITION 


By a neighborhood of a real number c we mean an interval which contains c as 
an interior point. 

The set formed by removing the point c from a neighborhood I of c is called a 
deleted neighborhood of c. Fhus a deleted neighborhood is the set of all points 
xinI such that x # c. 


L'HOSPITAL’S RULE FOR 0/0 


Suppose that in some deleted neighborhood of a real number c, f(x) and g'(x) 
exist and g’(x) # 0. Assume that 
lim f(x) = 0, lim g(x) = 0. 


x7e 


, f(x) 
se me g(x) 


exists or is infinite, then 


wef (X) _ a SO) 
Gy oO). 


(See Figure 5.2.2.) Usually the limit will be given by 
Ie) _ £O 


zoe B(x) (0) 


and in this case the proof is very simple. 


f(x) 


ha S(x)/e@) 


Figure 5.2.2 L'Hospital’s Rule 
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ee es eee 


PROOF IN THE CASE im = = 
xe B(x) gc) 


Let Ax be a nonzero infinitesimal. Then f(c) = 0, g(c) = 0, and 
Fle + Ax) _ (fe + Ax) — floAx _ £() 
g(c + Ax) — (g(e + Ax) — g(c)/Ax — g(c)” 
Taking standard parts we get 
feos FO FO 
im —~ = = lim ; 
wae SIXy Plc) xe. e) 


Intuitively, for x ~ ¢ the graphs of f(x) and g(x) are almost straight lines of 
slopes f‘(c), g’(c) passing through zero, so the graph of {(x)/g(x) is almost the hori- 
zontal line through f'(c)/g’(c) (Figure 5.2.3). 


g'(c) Ax 


a(c+ Ax) 


Figure 5.2.3 


The equation 


fx) _ £0) 


xe B(X) Bc) 
is not always true. For example, g'(c) might be zero or undefined. 


ii f(x) 
xe g(x) 


is sometimes another limit of type 0/0, that is, 
lim f(x) =0 and lim g(x) =0. 
When this happens, I’Hospital’s Rule can often be reapplied to lim,.. f’(x)/g’(%). 


The proof of l’Hospital’s Rule in general is fairly long and uses the Mean Value 
Theorem. It will not be given here. 


Here are some examples showing how the rule can be applied. 


1/x) — 1 
EXAMPLE 1. Find a I) — 


ary an 


5.2 L’HOSPITAL’S RULE 


Both (1/x) — 1 and ./x — 1 approach 0 as x approaches 1. The limit is thus 
of the form 0/0. Using |’Hospital’s Rule, 


(1/x) — I x? 1 
m = 


wet 1-1 
EXAMPLE 2 Find lim V~ +. 


x70 x3 
The limit is of the form 0/0. The limit of f’(x)/g’(x) as x > Ois cw, 
mn AV +1 — 1)/dx lim 3(x + a(x + 1°? 1/2 
es d(x?\/dx a 
Thus by l’Hospital’s Rule, 


= BD. 


vyxti-l_ 


lim 


x70 x 
1 

EXAMPLE 3. Find lim (. + al + 1— 2). 
x73 a 


This limit is not in a form where we can apply |’Hospital’s Rule. We must 
first use algebra to put it in another form, 


[x +S o)We 41-2) xe I A ets 


x—3 


By elementary computations, lim x(./x + 1 — 2)=3-0=0. 
x73 
Using l’Hospital’s Rule, 


5 hE ee Se ow 1 
=1 Ses =. 
lim 3 im i 5 4 


4 


x73 Das x73 
We then add the limits to get the desired answer, 
1 : ny, 1-2 
lim (. + |e 41-2) = limxt/s +1 =2)+ lim V7 
x73 x x73 x73 = 
=0+5=}H. 


+ 
; 4 x+1 
EXAMPLE 4 Find lim ——~———3—— 
xoi (x — 1) 


This limit is of the form 0/0. When I’Hospital’s Rule is used the limit is still 
of the form 0/0. But when it is used a second time we can compute the limit. 
x—3 I I 1 
at A fee 12 -3 
i 4 — See ee es (x + 1) tim ~~) La 
oa Ges asr Okt eer 8" 


L’Hospital’s Rule also holds true for other types of limits. That is, it holds 
true if x > c is everywhere replaced by one of the following. 


x>ct, x7Cc, x7, x>-D, 
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EXAMPLE 5 Find lim NRE e 


x70* x 


The limit as x > 0 does not exist because Jx is defined only for x > 0. 
However, the one-sided limit as x > 0* has the form 0/0 and can be found by 
V’Hospital’s Rule. 


SEERA? 3 TOA Fee 
x70t ale 7 so 4y~ 12 x0" J qd 


A second form of |’Hospital’s Rule deals with the case where both f(x) and 
g(x) approach oo as x approaches c. 


L'HOSPITAL’S RULE FOR «/o 


Suppose c is a real number, and in some deleted neighborhood of c, f'(x) and 
g(x) exist and g'{x) # 0. Assume that 


lim f(x) = 2, lim g(x) = cc. 
Tf lim f wa exists or is infinite, then 
xe 8 x) 
tim 22) =] £) @) 
xe g(x) x7 g(x 


The rule for 00/co is exactly the same, word for word, as the rule for 0/0, 
except that 0 is replaced by oo. We omit the proof, which is more difficult in the case 
co/oo. Actually, the assumption 


lim f(x) = 0 
is not needed. 
Again, |’Hospital’s Rule for oc/0o also holds for the other types of limits, 


xoct, xc, x7 0, x7 —0O. 


EXAMPLE 6 Find lim seeds SBOE 
1 1 7 
xe dx + Jet 


By I’Hospital’s Rule for o/c, 


= 
| 

tl 

8 


2Jx 24 


Warning: Before using !Hospital’s Rule, check to see whether the limit is 
of the form 0/0 or co/co. A common mistake is to use the rule when the limit is not of 
one of these forms. 


EXAMPLE 7 Find lim 


5.2 L'HOSPITAL’S RULE 


Jx = x) 


xl x 


The limit has the form 0/1, so l’Hospital’s Rule does not apply. 
Jx— tus) _ Hm V/*— Uh) _ 


Correct: lim 


xo x lim x 1 
x7>l 
Incorrect: 
; -—(1 d a 
tin M2 OIE) pi He = Wx pig (1 2) 3 
x71 x x dx/dx x71 2./x x? 2: 


PROBLEMS FOR SECTION 5.2 


In Problems 1—34, evaluate the limit using l’Hospital’s Rule. 


1 


S/9+x-—3 2 7 i/t-—1 


ye x sate t?7—2t+1 
=e 2 5 - ot Cee 3 
lim cs aN = a 4 lim es zt : 
xo2 4 —-X ton) 3t + 12-18 
aS e- (yas! 
yo y xl Vx — 1 
1/4 
lim bd l 8 lim ( + i} — 1)? — 8) 
x70 x to 
lim | 4. a hLL2t 10 li a 
Or\t Jt x70. /2x+ 1-1 
f (u — 1) . 24+ 41/x 
es u? + 3u—3 : Te 
145 3 le ot 
im 1+ Sifu 14 lim ela eae 
u0*2 4 1//u wot 24+ 4u7"! 
. 1/2 1/3 i 1 
tim 2% 16 lim pasa] 
xem X74 22 — f(4t + It + 2) 
. 1l-¢te-bd : yt+y! 
lim ——————= 18 im —— 
ire | — /t f(t — 1) yo-o f+ /l—y 
* (1/t)dt *f/t+t'dt 
ieee 20 1 Mi 
xvi f* 1f(2t + 1)dt xP x./X 
lim sin x » lim 1 — cosx 
x70 X x70 x 
5 ape 
lim sin (2x) “4 ies sin* x 
x70 x x70 x 
cos 0 . cos (38) 
26 
a nf/2 — 6 rae n/2 — @ 
, tan ._ sin (26) 
Lota 2 oo sin (50) 
t t 
in 30 lim 


io «ot woe —t—1 
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2 
31 ge 32 i ee 
rmit— it 1-0 t 
oo SCLIN : sin (2x) 
3 i x? — | a x-oln(x + 1) 


In Problems 35-52, evaluate the limit by l’Hospital’s Rule or otherwise. 


Aled x 
35 ig 36 lim 
xo xX xoitx— 1 
» wel _ xT 4 x7? 
37 a x—1 38 Em “x ¢x i? 
~_ ox+tx? 54x! 
ENE ty 40 pets eae os 
a De 2x+x 7 ute 1 4 2Ne3 
: 3x2 4x42 
41 iy te 42 ice et 
we Peat Hs ea 
oe b= /x+1-1 
43 pages tence 44 eas 


x00 /e 44-2 x70 /x +2-1 


ae Merger Ue a er 

47 Tim (x + 5) be cae - 4 48 im, (x + 5 + 4) 

© timers + 0 in 

tim Se a tin 

53 Suppose f and g are continuous in a neighborhood of a and g(a) # 0. Show that 


; \,fodt fla) 
xa | e(thdt ~ pla) 


LIMITS AND CURVE SKETCHING 


By definition, lim... f(x) = L means that for every hyperreal number x which is 
infinitely close but not equal to c, f(x) is infinitely close to L. What does lim... f(x) = 
L tell us about f(x) for real numbers x? It turns out that if ae f(x) = L, then for 
every real number x which is close to but not equal to c, f(x) is close to L. 

In the next section we shall justify the above intuitive statement by a math- 
ematical theorem. The main difficulty is to make the word “close” precise. For the 
time being we shall simply illustrate the idea with some examples. 


2 ae x+1 
EXAMPLE 1 Consider the limit lim ete 
xoo0 L/x — 


This limit is evaluated by letting x # 0 be infinitesimal: 


Yx+1 24% 


Peat. ae 
eel fA) =? s(2 +x) _ 240 


line 
eo een ae Als) 10 


l1-—Nx 
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Let us see what happens if instead of taking x to be infinitely small we take 
x to be a “small” real number. We shall make a table of values of 


2/x +1 

{QS — 

I/x — 1 

for various small x. 
; x +1 f(x) to 
‘ POY I/x — 1 four places 

0.1 21/9 2.3333 
0.01 201/99 2.0303 
0.001 2001/999 2.0030 
0.0001 20001/9999 2.0003 
—0.1 19/11 1.7364 
—0.01 199/101 1.9703 
—0.001 1999/1001 1.9970 
—0.0001 19999/10001 1.9997 


We see that as x gets closer and closer to zero, f(x) gets closer and closer to 2. 
With a calculator, the student should try this for some of the limits on pages 124 and 241. 


The table helps us to draw the graph of the curve y = f(x). Although the 
point (0, 2) is not on the graph, we know that when x is close to 0, f(x) is close to 2, 
and draw the graph accordingly. The graph is drawn in Figure 5.3.1. 

Other types of limits also give information which is useful in drawing graphs. 
For instance, if lim,., f(x) = 00, then for every number x which is close to but not 
equal to c, the value of f (x) is large. And if lim... ,, f(x) = L, then for every large real 
number x, f (x) is close to L. 

In both the above statements, if we replace “close” by “‘infinitely close” and 
“large” by “infinitely large” we get our official definition of a limit. We give two more 
examples. 


Figure 5.3.1 


1 — 
x92 (x = 2)? ~ 


EXAMPLE 2 Consider the limit lim 


we. 
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For x infinitely close but not equal to 2, 1/(x — 2)? is positive infinite. Let 
us make a table of values when x is a real number close to but not equal to 2. 


x f(x) 
21 100 
2.01 10000 


2.001 1000000 
1.9 100 


1,99 10000 
1.999 1000000 


As x gets closer and closer to 2, f(x) gets larger and larger. 


x7e 


i 
EXAMPLE 3 li 1 + — ~~] = 
im | + Ga a 


For infinitely large x, 1 + 1/(x — 2)? is infinitely close to 1. Here is a table of 
values of 1 + 1/(x — 2)? for large real x. 


1 


x 1+ a y 
12 1.01 
102 1.0001 


1002 1.000001 
10002 1,00000001 


As x gets large, 1 + 1/(x — 2)? gets close to 1. Also notice that 


{ 
fis | [ee 
sim, | +o ml L 


and for large negative x, 1 + I/(x — 2)? is close to 1. 


In Chapter 3 we showed how to use the first and second derivatives to sketch 
the graph ofa function which is continuous on a closed interval. In the next example we 
shall sketch the graph of the function f(x) = 1 + 1/(x — 2). But this time the function 
is discontinuous at x = 2, and the domain is the whole real line except for the point 
x = 2, Our method uses not only the values but also the limits of the function and its 
first derivative. 


! 
EXAMPLE 4 Sketch the curve f(x) = 1 + [>> 


The first two derivatives are 
f(x) = -%x-—2°? f(x) = 6x — 2)7*. 


The first and second derivatives are never zero. f(x) is undefined at x = 2. 
In our table we shall show the values of f(x) and its first two derivatives at a 
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point on each side of x = 2. We shall also show the limits of f(x) and its first 
derivative as x - —0,x 27, x 2*, and x > oo. (We will not need the 
limits of f"(x).) 


T(x) fd f(x Comments 
lim ; 1 0 horizontal 
x=1 2 2 6 increasing, U 
lim. fo) oO vertical 
lim, oc —a vertical 
x= 2 —2 6 decreasing,U 
lim 1 0 horizontal 


The first line of the table, lim... _ ,,, shows that for large negative x the curve 
is close to 1 and its slope is nearly horizontal. The second line, x = 1, shows 
that the curve is increasing and concave upward in the interval (— 9, 2), 
and passes through the point (1, 2) with a slope of 2. The third line, lim,.,.-, 
shows that just. before x = 2 the curve is far above the x-axis and its slope is 
nearly vertical. Going through the table in this way, we are able to sketch the 
curve as in Figure 5.3.2. 

The curve approaches the dotted horizontal line y = 1 and the dotted vertical 
line x = 2. These lines are called asymptotes of the curve. 


2 


—---}+---4-= = 4+ 
. 
ill 
|= 


x 


Figure 5.3.2 y=1+(x—-2)? 

Suppose the function f and its derivative f’ exist and are continuous at all 
but a finite number of points of an interval J. The following procedure can be used in 
sketching the curve y = f(x). 


Step 1 First carry out the procedure outlined in Section 3.9 concerning the first 
and second derivative. 


Step 2, Compute lim,_,_ ,, f(x) and lim, ,, f(x). 
(They may either be real numbers, +00, — oo, or may not exist.) 


Step 3. At each point c of I where f is discontinuous, compute /(c), lim,... f(x) and 
lim, +.- f(x). 
(Some or all of these quantities may be undefined.) 


Step 4 Compute lim,.,,, f‘(x) and lim, _ ,, f’(@). 
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Step 5 At each point where f” is discontinuous, compute f(c), lim,_.- f’(x) and 
lim, .- f(x). 


We shall now work several more examples; the steps in computing the limits 
are left to the student. 


EXAMPLE 5 /f(x) = 3/5, 
Then f(x) = 3-25 £"x) = atts 


At the point x = 0, f(x) = 0 and /’(x) does not exist. We first plot a few 
points, compute the necessary limits, and make a table. 


-7:5 


S(x) >=: f(x) L(x) 7 Comments a 

lim —xK 0 horizontal 

v= -l —I 3/5 6/25 increasing, U 

lim 0) x. vertical 

x7 07 
x=0 0 undef. 

lim 0 a8 vertical 
x70t | 
x=! | | 3/5 — 6/25 increasing, 

lim ve 0 horizontal 


Figure 5.3.3 


The behavior as x approaches — x, x, and zero are described by the limits 
we have computed. As x approaches either — 20 or ow, f(x) gets large but the 
slope becomes more nearly horizontal. As x approaches zero the curve 
becomes nearly vertical, increasing from left to right, so we have a vertical 
tangent line at x = 0. 


5.3 LIMITS AND CURVE SKETCHING 


EXAMPLE 6 f(x) = x*°. 
Then SQ=e, fx) = —aex**. 


f(x) is undefined at x = 0. We make the table: 


F(x) F(x) es) Comments 

lim L 0 horizontal 
x=—-1 1 —4/5 —4/25 decreasing, 0 
lim. 0 —xL vertical 
x=0 0 undef. 

lim 0 oe vertical 
x70 
x= 1 4/5 — 4/25 increasing, 7 
lim L 0 horizontal 


With this information we can sketch the curve in Figure 5.3.4. 


Figure 5.3.4 


This time the limits of the derivative as x approaches zero show that there 
is a cusp at x = 0, with the curve decreasing when x < 0 and increasing 
when x > 0. 


COS x 
: for 0 <x < 2z. 
sin X 
J (x) and f'(x) are undefined at x = a because the denominator sin z is zero. 


The first two derivatives are 


EXAMPLE 7 Sketchthecurve f(x) = 


1 COS xX 


f(x) = 2 


DES sin? x’ sin? x” 
Thus f'(x) is always negative, and f”(x) = 0 when x = 2/2, 3x/2. Here is 
the table: 
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fo T() Lf’) Comments 

lim x -x vertical 
x70" 

ni4 1 —1/2 + decreasing, U 

nf2 0 -1 0 decreasing, inflection 
3x/4 —1 —1/2 - decreasing, 0 

lim —x —x vertical 

lim x —xX vertical 

52/4 1 —1/2 + decreasing, U 

3n/2 0 -1 0 decreasing, infiection 
7n/4 —1 —1/2 - decreasing, 0 

lim —x ~x vertical 
x>2n 


Notice that the table from z to 2z is just a repeat of the table from 0 to 2. 
This is because 

cos(x +m)  —COosx  cosx 

sin(x +2)  —sinx  sinx’ 


The curve is sketched in Figure 5.3.5. 


_ cosx 
Y= Sin x 
Figure 5.3.5 
PROBLEMS FOR SECTION 5.3 
1 This figure is a sketch of a curve y = f{x). At which points x = c do the following 


happen? 

(a) fis discontinuous at ¢ 
(b) lim f(x) does not exist 
(c) lim f(x) does not exist 


(d) fis not differentiable at c 
(e) lim f’(x) does not exist 


(f) lim f(x) does not exist. 


xc 


In Problems 2-42, sketch the graph of f(x). Use a table of values of f(x), f’(x), f"(x), and limits 


5.3 LIMITS AND CURVE SKETCHING 


| 

| 

| 

| 

\ 
=e 

C 


Sao e Po Sa ees 
ew) 


 }P--------------- 


re 


of f(x) and f’(x). Then check your answer by using a graphics calculator to draw the graph. 


2 
4 
6 


8 


10 


12 


14 


16 


18 


20 


22 


38 


40 


f= 2-4? 
f= -x 
fi) = 4xt 2? 
1 
fj=1t 
2 
fax +e 


1 
LO) =x? + 


1 
ae 2 


fy =2—-(- YP 


fo) = 
{Waa 
fe) =a 
f= 


f(x) = 2+ (x — 18 
fa=4/1— x? 


f(x) = Jx? = 1 


1 
y= , O<x<2n 
cos x 
y=tan?x, -r<x<n 
1 
y=, 085X520 
sin x cos x 


f(x) =2—-— f/x? 4+ 4 


3 
5 
7 


9 


11 


13 


15 


17 


19 


21 


23 


25 


27 


Sf (x) = x? — 2x 
L(x) = x? — 3x? 


fx) =x — bt 


foy= 5 


fia) =p 
fe = x 
jon=2! 
1) = yj 
10) = 
fe) =3 5 
fe) = 208 


f(x) = 4 - x? 
f(y =1-/1 - x? 
I 


y= O<x<2n 


> 


sin x 

y=tanx, OS xS2n 
1 

). SS ee 

sin x + cos x 


f= -JxF = 4 
$f) == 


x*—1 


O<x<2n 
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42 [oJ=— 


In Problems 43-55, graph the given function. 


43 f(x) = |x| - 1 44 fx) = 1 — [2x 
. 8 
45 f(x) = [2x — I 46 fs) = 245-3) 
47 fx) =2x+ |x -— 2| 48 f(x) = 4 Ix] 
49 F(x) = xe +f |x + 1] 50 fx) me x? =a 
ze fe) = Jb 52 Six) = x/Ixl 
~ 54 fiat 2 
L) 55 f(x) = xf + U/? 


5.4 PARABOLAS 


In this section we shall study the graph of the equation 
y= ax? + bx +e, 


which is a U-shaped curve called a vertical parabola. We begin with the general 
definition of a parabola in the plane. 

Recall that the distance between a point P and a line L is the length of the 
perpendicular line from P to L, as in Figure 5.4.1. If we are given a line L and a point 
F not on L, the set of all points equidistant from L and F will form a U-shaped curve 
that passes midway between L and F. This curve is a parabola, shown in Figure 5.4.2. 


P 


Distance from 
Ptok 


Figure 5.4.1 


Parabola = set of points 
Figure 5.4.2 equidistant from Z and F. 


5.4 PARABOLAS 


DEFINITION OF PARABOLA 


Given a line L and a point F not on the line, the set of all points equidistant from 
L and F is called the parabola with directrix L and focus F. 


The line through the focus perpendicular to the directrix is called the axis 
of the parabola. The point where the parabola crosses the axis is called the vertex. 
These are illustrated in Figure 5.4.3. 

As we can see from the figure, the parabola is symmetric about its axis. That 
is, if we fold the page along the axis, the parabola will fold upon itself. The vertex is 
just the point halfway between the focus and directrix. It is the point on the parabola 
which is closest to the directrix and focus. 

When a ball is thrown into the air, its path is the parabola shown in Figure 
5.4.4, with the highest point at the vertex. 

Telescope mirrors and radar antennae are in the shape of parabolas. This is 
done because all light rays coming from the direction of the axis will be reflected to a 
single point, the focus (see Figure 5.4.5). For the same reason, reflectors for search- 
lights and automobile headlights are shaped like parabolas, with the light at the 
focus, 


Figure 5.4.3 


Figure 5.4.4 Figure 5.4.5 


A parabola with a vertical axis (and horizontal directrix) is called a vertical 
parabola. The vertex of a vertical parabola is either the highest or lowest point, 
because it is the point closest to the directrix. 
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EXAMPLE 1_ Find an equation for the vertical parabola with directrix y = —1 and 
focus F(0, 1) (Figure 5.4.6). 


Directrix y= — 1 


Figure 5.4.6 


Given a point P(x, y), the perpendicular from P to the directrix is a vertical 
line of length ./(y + 1)?. Thus 


distance from P to directrix = ./(y + 1)?. 
Also, distance from P to focus = ./x* + (y — 1). 


The point P lies on the parabola exactly when these distances are equal, 


The equation of a parabola is particularly simple if the coordinate axes 
are chosen so that the vertex is at the origin and the focus is on the y-axis. The 
parabola will then be vertical and have an equation of the form y = ax?. 


THEOREM 1 


The graph of the equation 


y => ax? 


(where a # 0) is the parabola with focus F(0,1/4a) and directrix y = — 1/(4a). Its 
vertex is (0, 0), and its axis is the y-axis. 


PROOF Let us find the equation of the parabola with focus F(0,d) and directrix 
y = —d, shown in Figure 5.4.7. 


Our plan is to show that the equation is y = ax? where d=1//4a). Given a 


point P(x, y), the perpendicular from P to the directrix is a verucal line of 
length ./(y + d)*. Thus 


distance from P to directrix = ./(y + d)*. 


Also, distance from P to focus = ./x* + (y — d)?. 


The point P lies on the parabola exactly when these distances are equal, 


Vy + 4)? = ./x? + (y — dy. 


5.4 PARABOLAS 


Figure 5.4.7 


Simplifying we get 


(y+ dP? =x*+(y—dyP 
y? + 2yd + d? = x? + y? — 2yd + d? 
4yd = x? 


od 
ogee 


Putting a=1/4d, we have d=1/4a where y = ax? is the equation of the parabola. 


Note that if a is negative, the focus will be below the x-axis and the directrix 
above the x-axis. 


EXAMPLE 2 Find the focus and directrix of the parabola 
y =--(1/2) x?. 


In Theorem 1, a = —1/2 andd=//4a = —}4. The focus is F(0, —4), and the 
directrix is y = 3. 


The next theorem shows that the graph of y = ax”? + bx +c is exactly 
like the graph of y = ax?, except that its vertex is at the point (xo, yo) where the 
curve has slope zero. The focus and directrix are still at a distance ///4a) above and 
below the vertex. 


THEOREM 2 
The graph of the equation 
y=ax?+bx+e 


(where a # 0) is a vertical parabola. Its vertex is at the point (xo, Yo) where 
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the curve has slope zero, the focus is F(xX9, yo +1/4a),ind the directrix is 
V=Y¥o— 1/4a. 


PROOF We first compute xy. The curve ) = ax? + bx + ¢ has slope dy/dx = 
2ax + b. The slope is zero when 2ax + b = 0, x = —b/2a. Thus 
Xo = —b/2a. 


Let p be the parabola with focus F(x, jo +1/4a) and directrix y= )'9 — 1/4q, 
Put X =x—xX, and Y=y-— jy. In terms of X and Y, the focus and 
directrix are at 


(X,Y) = (0,1/4a), 9 Y = — Ia. 
By Theorem 1, p has the equation 
Y = aX?, 
or y — Yo = a(x — x9)’, 
y = ax? — 2axgx + (ax$ + Jo). 
Substituting —b/2a for xj, we have 
y = ax? + bx + (b7/4a + yo). 


This shows that the parabola p and the curve y = ax’ + bx + c differ at 
most by a constant. Moreover, the point (Xo, }‘9) lies on the curve. (x9, J’) 
is also the vertex of the parabola p, where (X, Y) = (0, 0). Therefore the 
curve and the parabola are the same. 


EXAMPLE 3 Find the vertex, focus and directrix of the parabola 
y = 2x? — 5x 44. 


First find the point x9 where the slope is 0. 


2 = dy — 

Pr x — 5 

Then 4x, —5 =0, 
Xo = 4 


Substitute to find yo. 
Vo = 2X)? — 5X9 +4 =F 
The vertex is 


(Xo; Yo) pS @ 3): 


We have a = 2, so 1/4a= 3. By Theorem 2, the focus is 


is ethos E24 
o> Yo da) hae oy 


5.4 PARABOLAS 


The directrix is 


3 
= Va =, 
Y=Vo a J 4 


The vertex, axis, focus, and directrix can be used to sketch quickly the 
graph of a vertical parabola. 


GRAPHING A PARABOLA y= ax? + bx +c 


Step 1 Make a table of values of x, y, dy/dx, and d?y/dx? at x > —#«,x = —b/2a 
(the vertex), and x > oc. 


Step 2 Compute the axis, vertex, focus, and directrix, and draw them. 


Step 3 Draw the two squares with sides along the axis and directrix and a corner 
at the focus. The two new corners level with the focus, P and Q, are on the 
parabola because they are equidistant from the focus and the directrix. 


Step 4 Draw the diagonals of the squares through P and Q. These are the tangent 
lines to the parabola at P and Q. (The proof of this fact is left as a problem.) 


Step 5 Draw the parabola through the vertex, P, and Q, using the table and tangent 
lines. The parabola should be symmetrical about the axis x = —b/2a. See 
Figure 5.4.8(a). 


A horizontal parabola x = ay? + by +c can be graphed by the same 
method with the roles of x and y interchanged, as in Figure 5.4.8(b). 


axis 


directrix | 
| 
| » { 
| | directrix 
| ! 
| 
1 
(a) Vertical (b) Horizontal 
Figure 5.4.8 
EXAMPLE 2 (Continued) Sketch the parabola y = —4x?. 
The first two derivatives are 
d d* 
a X, a eS 1. 
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The only critical point is at x = 0. The table of values follows. 


x y dy/dx a? yfdx? Comments 
lim | — oO o vertical 
x=0 0 0 —1 max, A 
lim -—co om e,8) vertical 


The parabola is drawn in Figure 5.4.9, using Steps 1-5. 


Figure 5.4.9 


EXAMPLE 3 (Continued) Sketch the parabola y = 2x? — 5x + 4. 


The first two derivatives are 


dy _ 
dx 


d’y 


4x — 5, Ae 


The only critical point is at the vertex, where x = 7. The table of values 
follows. 


x | y dy/dx d?y/dx? Comments 
: lim co —o vertical 
5/4 7/8 0 + min, U 
lim ive oo vertical 


The parabola is drawn in Figure 5.4.10, again using Steps 1-S. 


5.4 PARABOLAS 


y 


y=2x?-S5x+4 


Ih 
alu 


en Ce ae ee 


Figure 5.4.10 


We can now sketch the graph of any equation of the form 
Ax? + Dx + Ey+ F =0. 


In the ordinary case where both A and E are different from zero, proceed as follows. 
First, solve the equation for y, obtaining the new equation 


Second, use the method in this section to sketch the graph, which will be a vertical 
parabola. There are also two degenerate cases. If A = 0, the graph is a straight line. 
If E = 0, then y does not appear at all, and the graph is either two vertical lines, 


one vertical line, or empty. 
We can also sketch the graph of any equation of the form 


Cy? + Dx+Ey+F=0. 


In the ordinary case where C and D are different from zero, the graph will be a 
horizontal parabola. 


PROBLEMS FOR SECTION 5.4 


In Problems 1-14, find the focus and directrix, and sketch the given parabola. 


1 y = 2x? 2 y = 4x? 

3 ys —x? 4 y=2—x? 

5 y=x?—2x 6 y=x?4+2x41 
7 y=2x?4+x-2 8 y=x?-x41 
9 y=3+4+x-x? 10 y=1—-x-~x? 
11 y=or4+x-1 12 yoy? —x 

13 y = (x — 2)? 14 y=%Ax + 1) 
15 x= y? 16 x =2y?—4 


17 x=—ytytl 18 x=3-(y—2) 
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19 Find the equation of the parabola with directrix + = 0 and focus F(2, 2). 
20 Find the equation of the parabola with directrix y = —1 and focus F(0, 0). 
21 Find the focus of the parabola with directrix + = 1 and vertex (1, 2). 

22 Find the equation of the parabola with focus (— 1. — 1) and vertex (— 1. 0). 


ELLIPSES AND HYPERBOLAS 


In this section we shall study two important types of curves, the ellipses and 
hyperbolas. The intersection of a circular cone and a plane will always be either a 
parabola, an ellipse, a hyperbola, or one of three degenerate cases—one line, two 
lines, or a point. For this reason, parabolas, ellipses, and hyperbolas are called 
conic sections. We begin with the definition of an ellipse in the plane. 


DEFINITION OF ELLIPSE 


Given two points, F, and F,, and a constant, L, the ellipse with foci F, and 
F, and length L is the set of all points the sum of whose distances from F, 
and F, is equal to L. 


If the two foci F, and F, are the same, the ellipse is just the circle with center 
at the focus and diameter L. Circles are discussed in Section 1.1. 

We shall concentrate on the case where the foci F, and F, are different. 
The ellipse will be an oval curve shown in Figure 5.5.1. The orbit of a planet is an 
ellipse with the sun at one focus. The eye sees a tilted circle as an ellipse. 


/ 
7 


/ major axis 
/ 


\ . : 
\. minor axis 
Ny 


~ 
Figure 5.5.1 Ellipse PF, + PF, = length 


The line through the foci F, and F, is called the major axis of the ellipse. 
The point on the major axis halfway between the foci is called the center. The line 
through the center perpendicular to the major axis is called the minor axis. 

An ellipse is symmetric about both its major and its minor axes. That is, 
for any point P on the ellipse, the mirror image of P on the other side of either axis 
is also on the ellipse. The equation of an ellipse has a simple form when the major 
and minor axes are chosen for the x-axis and y-axis. 
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THEOREM 1 


For any positive a and b, the graph of the equation 


is an ellipse with its center at the origin. There are three cases: 
G) a=b. The ellipse is a circle of radius a. 


(ii) a> b. This is a horizontal ellipse, whose major axis is the x-axis, and 
whose minor axis is the y-axis. The length is 2a. The foci are at (—c, 0) 
and (c, 0), where c is found by 


c? = a? — b*. 
(iii) a<b. This is a vertical ellipse whose major axis is the y-axis and 


whose minor axis is the x-axis. The length is 2b. The foci are at (0, —c) 
and (0, c), where c is found by 


ce? = b? — a’. 


Horizontal Vertical 
Figure 5.5.2 eC=aav-b e=bh?-@ 


This theorem is illustrated by Figure 5.5.2. Here is the proof in case (ii), 
a> b. A point P(x, y) is on the ellipse with foci (—c, 0), (c,0) and length 2a if and 
only if the sum of the distances from P to the foci is 2a. That is, 


Sete? +y? + fe —0? + y =2a. 


Rewrite this as 


J/(x — ce)? + y? = 2a — SJ (x +c + y?. 


Square both sides: 
x? — 2ex + c? + y? = 4a? — 4a,/(x + c)* + y? + x? + 2ex + c? + y?. 
Simplify: 


a./(x +c)? + y? =a? + cx. 
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Square both sides again: 
a(x? + 2ex- + ec? fy?) = at + Qa*ex + c*x?. 
Collect the x? and y? terms and simplify. 
Pid 410) =4 - Peso =e). 
Using the equation b? = a? — c’, write this as 
x?b? + ya? = a*b?. 
Finally, divide by a7b? to obtain the required equation 


x2 y? mn : 
az b? eet, 

Setting x = 0 wesee that the ellipse meets the y-axis at the two points y = +b. 

Also, it meets the x-axis at x = +a. Since all terms are >0, at every point on the 


ellipse we have 


x 
ash —-a<x<a 
y? 

and p<) —bsy<b. 


Using these facts we can easily sketch the ellipse. It is an oval curve inscribed in the 
rectangle bounded by the lines x = +a,y = +b. 

Figure 5.5.3 shows a horizontal ellipse (where a > b) and a vertical ellipse 
(where a < b), 


Horizontal ellipse Vertical ellipse 


Figure 5.5.3 


2 
EXAMPLE 1 Sketch the curve > +y=1. 


The curve is an ellipse that cuts the x-axis at +3 and the y-axis at +1. To 
sketch the curve, we first draw the rectangle x = +3, y = +1 with dotted 
lines and then inscribe the ellipse in the rectangle. The ellipse, shown in 
Figure 5.5.4, is horizontal. 


5.5 ELLIPSES AND HYPERBOLAS 


Figure 5.5.4 


EXAMPLE 2 Sketch the curve 4x? + y*? =9 and find the foci. 
The equation may be rewritten as 


$+ hy? = 1. 


The graph (Figure 5.5.5) is a vertical ellipse cutting the x-axis at +3 and the 
y-axis at +3. 


Figure 5.5.5 


By Theorem 1, the foci are on the y-axis at (0, +c). We compute c from the 
equation 


c? = b* — a’. 
aand b are the x and y intercepts of the ellipse, a = 3, b = 3. Thus 
c=3-@=2 
c= \/% ~ 2.598. 


The foci are at (0, +2.598). 


We turn next to the hyperbola. A hyperbola, like an ellipse, has two foci. 
However, the distances between the foci and a point on the hyperbola must have a 
constant difference instead of a constant sum. 
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DEFINITION OF HYPERBOLA 


Given two distinct points, F, and F,, and a constant, |, the hyperbola with 
foci F, and F, and difference | is the set of all points the difference of whose 
distances from F, and F, is equal to 1. 


In this definition, / must be a positive number less than the distance between 
the foci. A hyperbola will have two separate branches, each shaped like a rounded VY. 
On one branch the points are closer to F, than F,; and on the other branch they 
are closer to F, than F,. Figure 5.5.6 shows a typical hyperbola. The path of a comet 
on an orbit that will escape the solar system is a hyperbola with the sun at one focus. 
The shadow of a cylindrical lampshade on a wall is a hyperbola (the section of the 
light cone cut by the wall). 

The line through the foci is the transverse axis of the hyperbola, and the 
point on the axis midway between the foci is the center. The hyperbola crosses the 
transverse axis at two points called the vertices. The line through the center perpen- 
dicular to the transverse axis is the conjugate axis. The hyperbola never crosses its 
conjugate axis. A hyperbola is symmetric about both axes. A simple equation is 
obtained when the transverse and conjugate axes are chosen for the coordinate axes. 


J transverse 
/ axis 


\ : 
4 \ conjugate 
/ axis 


Figure 5.5.6 Hyperbola 


THEOREM 2 


For any positive a and b, the graph of the equation 
aa, 
a ae 


is a hyperbola with its center at the origin. Its transverse axis is the y-axis, 
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and its conjugate axis is the x-axis. The vertices are at (0, +b), and the foci 
are at (0, +c), where c is found by 


a +b? =c?. 


The graph of the equation 

2 y? 
b? 

is a hyperbola with similar properties with the roles of x,a and y,b reversed. The 

proof of Theorem 2 uses a computation like the proof of Theorem 1 on ellipses 


and is omitted. 
Using derivatives and limits, we can get additional information that is 


helpful in sketching the graph of a hyperbola. By solving the equation 


=1 


a x 


2 
yx 
Beg! 


for y as a function of x, we see that the upper and lower branches have the equations 
b 
upper branch: y=-—./a? 4+ x?, 
a 


lower branch: y= — 7 a? + x?. 


We concentrate on the upper branch. Its first two derivatives, after some algebraic 
simplification, come out to be 


dy bx d?y 
Ee ee es “ * — abla? 2)- 3/2, 
Fae TE re ab(a* + x*) 
Thus the first derivative is zero only at x = 0 (the vertex), and the second derivative 
is always positive. We have the following table of values for the upper branch. 


x y  dy/dx d?y/dx? Comments 
lim wc —b/a 0 decreasing 

0 b 0 b/a? minimum, U 
lim m0 b/a 0 increasing 


All the limit computations are easy except for dy/dx, which we work out for x > cc. 
Let H be positive infinite. 


bx 


lim dy/dx = lim ——————— 
x> 0 a x70 a./a? + x? 


bH 
= 6) 
Be + | 


Peele 
= st =-, 
a/awH-?+1 a 
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We carry out a similar computation for the limit as x ~ — oc, 


b 
lim = 


. dy 

lim = 

eo -0X xv-0 ay/a? + x? 
Pore, 
aja’ + (—Hy? 


: xf la sae 
aJatH-? +1 a 
The table shows that the upper branch is almost a straight line with slope 


—b/a for large negative x and almost a straight line with slope b/a for large positive x. 
In fact, we shall show now that the lines 


y = bx/a, y = —bx/a 


are asymptotes of the hyperbola. That is, as x approaches co or — oo, the distance 
between the line and the hyperbola approaches zero. We show that the upper branch 
approaches the line y = bx/a as x > o; that is, 


=7|Ve + H* — Hy./a* + H? +7) 
/a? +H? +H 
_b a +H? —H? 
a./a? +H? +H 
= ab(./a* + H? +H)“. 


This is infinitesimal, so the limit is zero. Here are the steps for graphing a hyperbola 
y?/b? — x?/a? = 1. 


GRAPHING A HYPERBOLA a -—z=1 
b a 
Step 7 Compute the values of a and 6 from the equation. Draw the rectangle with 
sides x = ta,y = +b. 
Step 2 Draw the diagonals of the rectangle. They will be the asymptotes. 
Step 3 Mark the vertices of the hyperbola at the points (0, +b). 


Step 4 Draw the upper and lower branches of the hyperbola. The upper branch 
has a minimum at the vertex (0, b), is concave upward, and approaches the 
diagonal asymptotes from above. The lower branch is a mirror image. 
See Figure 5.5.7, 


5.5 ELLIPSES AND HYPERBOLAS 


Figure 5.5.7 Figure 5.5.8 


A hyperbola of the form 
x* yy 
a bP 
is graphed in a similar manner, but with the roles of x and y reversed. There is a 
left branch and a right branch, which are vertical at the vertices (+a, 0). 


EXAMPLE 3 Sketchthe hyperbola 4y* —x?=1 and find its foci. 
First compute a and b. 


2 


4y? = y*/b*, b= 
x? =x?/q*, a=1 


The rectangle has sides x = +1, y = +4, and the vertices are at (0, +4). 
The hyperbola is sketched using Steps 1-4 in Figure 5.5.8. The foci are 
at (0, +c) where 


c? = q* + b? = 1? + (4)? = 1.25 
e = ./1.25 ~ 1.118. 


Using the method of this section, we can sketch the graph of any equation 
of the form 


Ax? + Cy? + F=0. 


In the ordinary case where A, C, and F are all different from zero, rewrite the 
equation as 


A,x? + Cy? = 1, 


where A, = —A/F, C, = —C/F. There are four cases depending on the signs of 
A, and C,, which are listed in Table 5.5.1. 
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Table 5.5.1 


A, G; Graph of A,x? + C,y? =1 


0 0 ell soe 
> > ellipse +to=1 
P a bP 
0 i eta 
> < erbola ——- == 1 
yp 2. BP 
2 2 
<0 >0 hyperbola 3 — a =1 
a 


<0 <0 empty 


If one or two of A, C, and F are zero, the graph will be degenerate (two 
lines, one line, a point, or empty). 


PROBLEMS FOR SECTION 5.5 


In Problems 1-12, find the foci and sketch the given ellipse or hyperbola. 


1 x? + 4y? = 1 2 x? + dy? = 1 

3 ax? + 4y? = 1 4 tx? + by? = 1 

5 9x? + 4y? = 16 6 49 = 4 

7 y? — 4x? = 1 8 ypoxrs 

9 Oy? —x? = 4 10 4y*? — 4x? = 1 

x? )2 
11 xr yal 12 575s! 
13 Prove that the hyperbola x*/a? — y?/b? = 1 has the two asymptotes ) = bx/a and 
y= —bx/a. 


5.6 SECOND DEGREE CURVES 


A second degree equation is an equation of the form 
(1) Ax? + Bxy + Cy? + Dx + Ey + F =0. 


The graph of such an equation will be a conic section: a parabola, ellipse, hyperbola, 
or one of several degenerate cases. In Section 5.4 we saw that the graph of a second 
degree equation of one of the forms 


(2) Ax? + Dx + Ey + F =0 
or 
(3) Cy? + Dx + Ey+F =0 


is a parabola or degenerate. In Section 5.5 we saw that the graph of a second degree 
equation of the form 


5.6 SECOND DEGREE CURVES 


(4) Ax? + Cy? +F=0 


is an ellipse, a hyperbola, or degenerate. 

In this and the next section we shall see how to describe and sketch the 
graph of any second degree equation. We will begin with the Discriminant Test, 
which shows at once whether a nondegenerate curve is a parabola, ellipse, or 
hyperbola. The next topic in this section will be translation of axes, which can change 
any second degree equation with no xy-term, 


(5) Ax? + Cy? + Dx + Ey + F =0, 


into an equation of one of the simple forms (2), (3), or (4). 

In the following section we will study rotation of axes, which can change 
any second degree equation into an equation of the form (5) with no xy-term. We 
will then be able to deal with any second degree equation by using first rotation 
and then translation of axes. 

Here is the Discriminant Test. 


DEFINITION 


The quantity B* — 4AC is called the discriminant of the equation 
Ax? + Bxy + Cy? + Dx + Ey + F =0. 


DISCRIMINANT TEST 


If we ignore the degenerate cases, the graph of a second degree equation is: 


A parabola if the discriminant is zero. 
An ellipse if the discriminant is negative. 
A hyperbola if the discriminant is positive. 


For example, the equation 
xy—1=0 
has positive discriminant 1? ~ 4-0 = 1, and its graph is a hyperbola. The equation 
2x? +xy+y?-1=0 


has negative discriminant 1* — 4-2-1 = —7, and its graph is an ellipse. 

The degenerate graphs that can arise are: two straight lines, one straight 
line, one point, and the empty graph. The Discriminant Test alone does not tell 
whether or not the graph is degenerate. However, a degenerate case can usually be 
recognized when one tries to sketch the graph. For the remainder of this section 
we shall ignore the degenerate cases. 

We now turn to the method of Translation of Axes. This method is useful 
for graphing a second degree equation with no xy-term, 


Ax? + Cy? + Dx + Ey + F =0. 


If A or C is zero, the graph will be a horizontal or vertical parabola, which can be 
graphed by the method of Section 5.4. If both A and C are nonzero, the graph turns 
out to be an ellipse or hyperbola with horizontal and vertical axes X and Y, as in 
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Figure 5.6.1. In the method of Translation of Axes, we take X and Y as a new pair 
of coordinate axes and get a new equation for the curve in the simple form 


AX? + CY? +F, =0. 


ms 


an ee ppnta 


Figure 5.6.1 


This curve can be sketched as in Section 5.5. The name “Translation of Axes” means 
that the original coordinate axes x and y are replaced by new coordinate axes X 
and Y, which are parallel to the original axes. 

The new axes are found using a procedure from algebra called “completing 
the squares.” This procedure changes an expression like Ax? + Dx into a perfect 
square plus a constant. 


FORMULA FOR COMPLETING THE SQUARES 
Let A be different from zero. Then 
Ax? + Dx = AX? + K, 


D —D? 
where X= poe anes 
ame K 4A 


For example, 
4x? — 3x = 4X? — 9/16 
where X = x — 3. 


We shall illustrate the method of Translation of Axes with an example and 
then describe the method in general. 


EXAMPLE 1 Sketch the curve 4x? — y? — l6x —2y+11=0. 
Step 7 Apply the Discriminant Test to determine the type of curve. 
B? — 4AC = 0? — 4-4+(-1) = 16. 


5.6 SECOND DEGREE CURVES 


The discriminant is positive, so the graph is a hyperbola. 


Step 2. Simplify by completing the squares. This is done by putting 


Xx ee Gaye 
Se IG 
and writing the original equation in terms of X and Y. 
—16 
Aas Sg eae x=X+2 
Viejas »+1 Yad 
=y rE = —_ 
J 2-(-D y » Js 


4(X + 2)? —(Y — 1)? — 16(X + 2)- AY —1)4+11=0 
4X? + 4X + 4) — 16(X + 2) —-(¥* —2¥ 4+ 1)-2Y-1N+11=0. 
The X and Y terms cancel, and 
4x? + 16-32 — Y*-14+2+11=0, 
4x? y?_4=0, 
Step 3 Draw dotted lines for the X and Y axes, and sketch the curve as in Section 
5.5. This is a hyperbola in the (X, Y)-plane. The X-axis is the line Y = 0, 


or y = —1. The Y-axis is the line X = 0, or x = 2. The graph is shown 
in Figure 5.6.2. 


Figure 5.6.2 Example 1 


METHOD OF TRANSLATION OF AXES 


When to Use To graph an equation of the form Ax? + Cy?+Dx+Ey+F=0 where 
A and C are both nonzero. 


Step 1 Use the Discriminant Test to determine the type of curve. 
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Step 2. Completing the Squares: Put 


D 
X=xXx _- Y=y} —— 
x+ vu Voor Ya 
and rewrite the original equation in terms of X and Y.The new equation will 
have the simple form 
Ax? + Cy? + F, = 0, 


where F, is a new constant. 


Step 3 Draw dotted lines for the X and Y axes and sketch the curve as in Section 5.5. 


PROBLEMS FOR SECTION 5.6 


In Problems 1-6, given that the graph is nondegenerate, use the Discriminant Test to determine 
whether the graph is a parabola, ellipse, or hyperbola. 


1 x? + 2xy — 3)? + Sx + 6) — 100 =0 


2 4x? — 8xy + 6)? + 10x — 2y — 20=0 

3 4x? + 4xy + y? + 7x + 8) =0 

4 9x? + 6xy + y? + 6x — 22 =0 

5 x? + Sxy + 10)? — 16 = 0 

6 4xy + 5x — 10y + 1=0 
In Problems 7-18, use the method of Translation of Axes to sketch the curve. 

7 x? + y? —4x +3=0 8 x? +)? + 2x —6y +6=0 

9 x? — p> + 4x — 2y +2=0 10 —x? +)? + 8x — 6p — 16=0 
11 x? + 4)? — 4x + 24) + 36=0 12 4x? — 9y? + 8x + 18) — 41 = 0 
13 9x? — 4y? — 36x — 24) — 36 =0 14 —x? + 4y? + 16y + 12 =0 

15 —x? + 3)? + 8x +30p+56=0 16 5x? + 2y? + 10x + 12) + 28 =0 
17 16x? + 9? — 320x — 108) + 1780 = 0 

18 25x? + 4y? + 250x — 40) + 625 = 0 


ROTATION OF AXES 


We have seen how to graph any second degree equation with no xy-term. These 
graphs are parabolas, ellipses, or hyperbolas with vertical and horizontal axes. 
When the equation has a nonzero xy-term, the graph will have diagonal axes. By 
rotating the axes, one can get new coordinate axes in the proper direction. The 
method will give us a new equation that has no xy-term and can be graphed by 
our previous method. 

Suppose the x and yp axes are rotated counterclockwise by an angle a, and 
the new coordinate axes are called X and Y, as in Figure 5.7.1. A point P in the 
plane will have a pair of coordinates (x, y) in the old coordinate system and (X, Y) 
in the new coordinate system. The old and new coordinates of P are related to each 
other by the equations for rotation of axes. 


5.7 ROTATION OF AXES 


Figure 5.7.1. Rotation of Axes 


Figure 5.7.3 


Figure 5.7.2 


EQUATIONS FOR ROTATION OF AXES 


x =X cose — ¥Y sing, y=Xsina+ Ycosz. 


These equations can be seen directly from Figure 5.7.2. If we substitute the equations 
for rotation of axes into a second degree equation in x and y, we get a new second 
degree equation in the coordinates X and Y. 


EXAMPLE 1 Find the equation of the curve 
xy-—4=0, 


with respect to the new coordinate axes X and Y formed by a counterclockwise 
rotation of 30 degrees (Figure 5.7.3). 
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In this example, 


3 
4 = 30°, sing =-—, cosa =“. 
iio. iA 1 3 
a ay gee ay gros 
Thus x 5 5% j 5 + 5 
Substitute into the original equation and collect terms. 
xy —4=0, 
(2 [x 
J/3 l 1 /3 
Y|. Y = 
( 5 XxX 5 ( X + 5 4=0, 
3 
Byylyy Vy 4no 


Given any second degree equation 
(1) Ax? + Bxy + Cy? + Dx + Ey + F=0 


and any angle of rotation x, one can substitute the equations of rotation and collect 
terms to get a new second degree equation in the X and Y coordinates, 


(2) A,X* 4+ BXY+C,Y7+D,X+E, Y+F, =0. 
It can be shown that the discriminant is unchanged by the rotation; that is, 
B? — 4AC = B? — 4A,C,. 
This gives a useful check on the computations. 
In Example 1 above, the original discriminant is 
B? ~4AC = 17 -4.0-0=1. 


The new equation has the same discriminant, 


1\7 cay ae) ae Ge 
Dee = Nv = =], 
B? - 44,C, (3) a{X )( ; gta! 


The trouble with Example 1 is that the new equation is more complicated 
than the original equation, and in particular there is still a nonzero X Y-term. We 
would like to be able to choose the angle of rotation x so that the new equation 
has no X Y-term, because we could then sketch the curve. The next theorem tells 
us which angle of rotation is needed. 


THEOREM 1 


Given a second degree equation 
Ax? + Bxy + Cy* + Dx + Ey + F=0 


with B nonzero. Rotate the coordinate axes counterclockwise through an 
angle « for which 


—C 


A 
cot (2%) = 2 


5.7 ROTATION OF AXES 


Then the equation 
A,X? +B, XY4+C,Y7 + D,X+E,Y+F,=0 


with respect to the new coordinate axes X and Y has X Y-term B, = 0. 


This theorem can be proved as follows. When the rotation equations are 
substituted and terms collected, the X Y coefficient B, comes out to be 


B, = B(cos* a — sin? «) — 2(A — C)sin «cos «. 
From trigonometry, 
cos? a — sin?a =cos(2a), 2sinacosa = sin (2a). 
Thus B, = Bcos (2a) — (A — C)sin (2a). 
So B, = Oif and only if 
Bcos (2a) — (A — C)sin (20) = 0, 


cos(2a) A—C _ 
sin (2«) B 


A-C 


0, 


or cot (2a) = 


As shown in Figure 5.7.4, « is the angle between the original coordinate 
axes and the axes of the parabola, ellipse, or hyperbola. 

We are now ready to use rotation of axes to sketch a second degree curve. 
We illustrate the method for the curve introduced in Example 1. 


EXAMPLE 2 Sketchthecurve xy —4=0. 
Step 1 Apply the Discriminant Test to find the type of curve. 
B? —4AC = 1? —4-0-0=1. 
The discriminant is positive, so the curve is a hyperbola. 
Step 2 Find an angle « with 


A-—C 
cot (20) = Fa 


cot (2a) = a8 = 0. 


2a = 90°, a = 45°. 


Step 3 Change coordinate axes using the rotation equations. 


V2 v2 


ae sing = ~~. 
2 2 
x = X cosa — Ysing = ¥2x V2 y. 
2 2 
2 2 
y=Xsina+ yoosa= 22x 422y. 
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Figure 5.7.4 


Substituting, we get 


xy —4=0, 

Gi PNT Hs 
l 2 1 2 Dae 

ph Se SO 


As a check, the discriminant is still 0? - 4-(4)-(—) = 1. 
Step 4 Draw the X and Y axes as dotted lines and sketch the curve. 


The new axes are found by rotating the old axes by « = 45°. The curve is 
shown in Figure 5.7.5. 


METHOD OF ROTATION OF AXES 


When to Use To graph an equation of the form Ax? + Bxy + Cy* + Dx + Ey + F 
= 0 where B is nonzero. 


Step 1 Use the Discriminant Test to determine the type of curve. 


5.7 ROTATION OF AXES 


Figure 5.7.5 Example 2 


Step 2 Find an angle « with 


A-C 
cot (2a) = FF 
Step 3 Change coordinate axes using the Rotation Equations. The new equation 
has the form 
A,X?4+C,Y7+D,X+E,Y+F,=0, 
where x =X cosa — Ysinag, y= X sina + Y cosa. 


Step 4 Draw the X- and Y-axes by rotating the old axes through the angle o. The 
curve can now be sketched by our previous method, using Translation of Axes 
if necessary. 


Here is an overall summary of the use of rotations and translations of axes. 
The problem is to graph an equation of the form 


Ax? + Bxy + Cy? + Dx + Ey+F =0. 
By Rotation of Axes, we get a new equation of the simpler form 
A,X? 4+C,Y?4+D,X + E,Y+F,=0. 


Ifeither A, = Oor C, = 0, the curve is a parabola that can be sketched by the method 
of Section 5.4. If A, and C, are both nonzero, Translation of Axes gives us a new 
equation of the simpler form 


A,U* + B,V*?+F,=0. 
The graph of this equation is an ellipse or hyperbola, which can be sketched by the 


method of Section 5.5. The degenerate cases—two lines, one line, a point, or an 
empty graph—may also occur. 
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PROBLEMS FOR SECTION 5.7 


In Problems 1-10, rotate the axes to transform the given equation into a new equation with 
no X Y-term. Find the angle of rotation and the new equation. 


1 


ep OWN WwW 


_ 


xy +4=0 2 xe+xyty?=2 

xt —4xyp +? = 1 4 x? + 3xy + 7? = 4 

xe + 2./3xy aye 6 os J 3xy + 4y? = 6 
x4 xy =3 8 2x? -xyp— jy? = 1 

dx? — /3xy +3? = 5 10 -2x? + /3xy — 5? = —10 


Prove that any second degree Equation (1) in which A = C can be transformed into 
an equation with no X Y-term by a 45° rotation of axes. 


Prove that if we begin with a second degree equation with no first degree terms, 
Ax? + Bxy + Cy? + F = 0, and then rotate axes, the new equation will again have 
no first degree terms. 


Prove that the sum A + C is not changed by rotation of axes. That is, if Equation (2) 
is obtained from Equation (1) by rotation of axes, then A + C = A, + Cy. 
Prove that the discriminant of a second degree equation is not changed by rotation 


of axes. That is, if Equation (2) is obtained from Equation (1) by rotation of axes, then 
B? — 4AC = B? — 44,C,. 


5.8 THE «, 8 CONDITION FOR LIMITS 


The traditional calculus course is developed entirely without infinitesimals. The 
starting point is the concept of a limit. The intuitive idea of lim,_, f(x) = L is: For 
every real number x which is close to but not equal to c, f(x) is close to L. 


It is hard to make this idea into a rigorous definition, because one must clarify 


the word “‘close’’. Indeed, the whole point of our infinitesimal approach to calculus is 
that it is easier to define and explain limits using infinitesimals. The definition of 
limits in terms of real numbers is traditionally expressed using the Greek letters 
« (epsilon) and 6 (delta), and is therefore called the ¢, 6 condition for limits. 


The ¢, 6 condition will be based on the notion of distance between two real 


numbers. 


DEFINITION 


The distance between two real numbers x and c is the absolute value of their 
difference, 


distance = |x — c|. 


x is within dof cif |x — cl $6. 
x is strictly within 6 of cif |x — ¢| < 6. 


Notice that the distance |x — cj is just the difference between the larger and 


the smaller of the two numbers x and c. This is a place where the absolute value sign 
is especially convenient. The following simple but helpful lemma is illustrated in 
Figure 5.8.1. 


5.8 THE €,6 CONDITION FOR LIMITS 


(a) x within 6 ofc 


Figure 5.8.1 (b) x strictly within 6 of ¢ 


LEMMA 
(i) x is within 6 of c if and only if 
c-6SxSce4+6. 
(ii) x is strictly within 6 of c if and only if 


c—-d0<x<ct+o. 


PROOF (i) Subtracting c from each term we see that 
c—-6SxSc4+6 
if and only if -dSx-cS6, 
which is true if and only if |x — c| < 6. 


The proof of (ii) is similar. 


We shall repeat our infinitesimal definition of limit from Section 3.3 and then 
write down thes, 6 condition for limits. Later we shall prove that the two definitions of 


limit are equivalent to each other. 


Suppose the real function f is defined for all real numbers x # c in some 


neighborhood of c. 


DEFINITION OF LIMIT (Repeated) 


The equation 
lim f(x) = L 


means that whenever a hyperreal number x is infinitely close to but not equal 


to c, f(x) is infinitely close to L. 


e, 86 CONDITION FOR lim F(xy=L 


For every real number ¢ > 0 there is a real number 6 > 0 which depends on & 
such that whenever x is strictly within 6 of c but not equal to c, f(x) is strictly 
within ¢ of L. In symbols, if 0 < |x — c| < 6, then |f(x) — L| < «. 
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In the ¢.6 condition, the notion of being infinitely close to ¢ is replaced by 
being strictly within 6 of c, and being infinitely close to L is replaced by being strictly 
within ¢ of L. But why are there two numbers « and 6, instead of just one? And why 
should 6 depend on ¢? Let us look at a simple example. 


laud ; 10x? 
EXAMPLE 1. Consider the limit lim f + =| =] 
x 


x70 
When x = 0, the function f(x) = 1 + 10x?/x is undefined. When x is a real 
number close to but not equal to 0, f(x) is close to 1. 


Now let us be more explicit. How should we choose x to get f(x) strictly 
within 4 of 1? To solve this problem we assume x is strictly within some 


distance 6 of 0 and get inequalities for f(x). 
By the lemma, we must find a 6 > 0 such that whenever 


—d<x<6 and x#0, 


we have 1-$<f(x)<1 +. 
Assume —d<x and x < od, 
Then — 10d < 10x and 10x < 106 
10x? x? 
=e — and ao <105 ifx #0 


10x? 10x? 
1-103 <1+—= and 1+ <1 + 105 


1 — 106 < f(x) < 1 + 106. 
If we set 6 = gl, then 
1—i<f(x)<1+4. 
This shows that 
whenever —h <x <x and x 40, 1-t<f(x)<1+4. 
In other words, 
whenever 0 < |x| < #5, If(x) — 1p <4, 


A similar computation shows that for each ¢ > 0, if 0 < |x| < é/10 then 
| f(x) — 1] < ¢. Thus the ¢,6 condition for lim,.9 (1 + 10x*/x) = 1 is true, 
and, for a given ¢, a corresponding 6 is 6 = ¢/10. 


EXAMPLE 2 In the limit 
lim x? = 4, 


x32 
find a 6 > 0 such that whenever 0 < |x — 2| < 6,|x? — 4] < 3%. 
By the Lemma, we must find 6 > 0 such that whenever 
2-—-d<x<2+6 and x #2, 
4—Wo<xr<44+h. 
Assume that 2~d<x and x<24+6. 
As long as 2 — 6 and x are positive we may square both sides, 


4—464+ 6? <x? and x*<4+446 +4 8 


5.8 THE €,6 CONDITION FOR LIMITS 


4+ (-46 + 62) <x? and x* <4+4 (46 + 6’). 


Now take 6 smal! enough so that 


—-4, < -464+ 6% and 464+ 6<%. 


For example, 6 = #5 will do. Then 
4—p< x? <44 4. 


Thus whenever 0 < |x — 2| < &, |x? — 4| < +. 


Notice that any smaller value of 5, such as 6 = 795, will also work. 


In geometric terms, the s, 6 condition says that for every horizontal strip (of 
width 2s) centered at L, there exists a vertical strip (of width 26) centered at c such 
that whenever x # c is in the vertical strip, f(x) is in the horizontal strip. The graphs 
in Figure 5.8.2 indicate various horizontal strips and corresponding vertical strips. 
They should be examined closely. 


f(x) 


f(x) 


f(x) 


Figure 5.8.2 
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There are also ¢,6 conditions for one-sided limits and infinite limits. The 
three cases below are typical. 


é, 6 CONDITION FOR lim f(x) =2 
For every real number ¢ > 0, there is a real number 6 > 0 which depends on € 
such that whenever c < x <c + 6, we have | f(x) — L| <. 


Intuitively, when x is close to c but greater than c, f(x) ts close to L. 


&, 8 CONDITION FOR lim f(x) = 2 


XaAe 


For every real number ¢ > 0 there is a real number B > 0 which depends on & 
such that whenever x > B, we have | f(x) — L| < e. 


Intuitively, when x is large, f(x) is close to L. 


e, 8 CONDITION FOR lim F(x) = x 


For every real number A > 0 there is areal number B > O which depends on A 
such that whenever x > B, we have f(x) > A. 


Intuitively, when x is large, f(x) is large. 


EXAMPLE 3. In the limit 


lim 2+ >= 2, 


1i7- x 


find a real number B > 0 such that whenever t > B, (2 + 3/t) is strictly 
within 1/100 of 2. 


To find B, we assume t > B and > O, and get inequalities for 2 + 3/t. 


O<t, t>B 
oes ees 
t t B 


to] w 


3 
Set 245 <24 


Now choose B so that 3/B < 1/100. The number B = 300 will do. It follows 
that whenever ¢ > 300, 


1 


3 
ee ee 
Ee GOO 


3 i 
and 2 + — is strictly within e = —~ of 2. 
_eme y within ¢ 100° 2 


EXAMPLE 4 In the limit 


5.8 THE (oa) CONDITION FOR LIMITS 


find a B > O such that whenever x > B,x? — x > 10,000. 


This time we assume x > B and get an inequality for x? — x. We may 
assume B > 1. 


x>B>il 
x-l>B-1>0 

x(x — 1) > B(B — 1) 
x? —x > B? — B. 


Now take a B such that B? — B > 10,000. The number B = 200 will do, 
because (200)? — 200 = 39800. Thus whenever x > 200, x? — x > 10,000. 


We conclude this section with the proof that the ¢, 6 condition is equivalent 
to the infinitesimal definition of a limit. 


THEOREM 1 


Let f be defined in some deleted neighborhood of c. Then the following are 
equivalent : 


(i) lim, f(x) = L. 
(ii) The e, 6 condition for lim,_.. f(x) = L is true. 


PROOF We first assume the ¢, 6 condition and prove that 
lim f(x) = L. 


x7e 


Let x be any hyperreal number which is infinitely close but not equal to c. 
To prove that f(x) is infinitely close to L we must show that 


for every real e > 0, (fa) -Li<e. 


Let ¢ be any positive real number, and let 6 > 0 be the corresponding number 
in the e, 6 condition. Since x is infinitely close to c and 6 > 0 is real, we have 


0 < |x —el <6. 
By the e, 6 condition and the Transfer Principle, 
If(x) — Lh <e. 
We conclude that f(x) is infinitely close to L. This proves that 
lim f(x) = L. 


x7e¢ 


For the other half of the proof we assume that 


lim f(x) = L, 


and prove the «, 6 condition. This will be done by an indirect proof. Assume 
that the e, 6 condition is false for some real number ¢ > 0. That means that 
for every real 6 > 0 there is a real number x = x(6) such that 

(1) x #C, |x — el <6, \f(x) — L| 2 «. 


Now let 6, >0 be a positive infinitesimal. By the Transfer Principle, 
Equation (1) holds for 6,. Therefore x, = x(6,) is infinitely close but not 
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equal to c. But since 
If(%1) — LL 2 


and é is a positive real number, f(x,) is not infinitely close to L. This con- 
tradicts the equation 


lim f(x) = L. 


x7e 


We conclude that the e,6 condition must be true after all. 


The theorem is also true for the other types of limits. 
The concept of continuity can be described in terms of limits, as we saw in 


Section 3.4. Therefore continuity can be defined in terms of the real number system 


only. 


COROLLARY 


The following are equivalent. 


(i) f is continuous at c. 
(it) For every real ¢ > 0 there is a real 6 > 0 depending on é such that: 


whenever |x — c| < 6, f(x) — fo] < «. 


PROOF Both (i) and (ii) are equivalent to 


lim f(x) = fo). 


Intuitively, this corollary says that f is continuous at c if and only if f(x) is 


close to f (c) whenever x is close to c. 


PROBLEMS FOR SECTION 5.8 


1 


In the limit lim,,, 10x = 40, find a 6>0 such that whenever 0 < |x ~ 4| < 4, 
10x — 40| < 0.01. 

In the limit lim,.) (x? — 4x)/2x = —2, find a 6 > O such that whenever 0 < |x| < 4, 
(x? — 4x)/2x — (—2)| < O.1. 

In the limit lim... 1/x = 1/2, find a 6 >0 such that whenever 0 < |x — 2] < 6, 
1/x — 1/2| < 0.01. 

In the limit lim,.._,x° = —27, find a 6 > 0 such that whenever 0 < |x — (—3)| < 4, 
x? — (~27)| < 0.01. 

In the limit lim,4o+ Re = 0, find a 6 > 0 such that whenever 0 < x < 4, Gx < 0.01. 
In the limit lim, 2+ eee = 0, find a 6 > 0 such that whenever 2 < x < 2+ 4, 
fx 4< 0.1. 

In the limit lim,.,- /1 — x? = 0, find a 6 > 0 such that whenever 1 —~5 <x <1, 


fl — x? < 0.001. 


In the limit lim,.,- ./6 — 3x = 0, find a 6 > 0 such that whenever 2 — 6 < x < 2, 


/6 — 3x < 0.01. 


In the limit lim,,,x ? = x. find a 6 >0 such that whenever 0 < |x| < 6,x7 
10,000. 


27> 


oOood 


5.9 
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10 In the limit lim,_,, 16/x* = x, find a 6 > 0 such that whenever 0 < |x| < 6, 16/x* > 
10,000. 

11 In the limit lim,.9+ 1/10t = 0, finda 6 > Osuch that whenever 0 < t < 6,1/10t > 100. 

12 In the limit lim,_,,. (4 — 1) = —0oo, find a 6 > 0 such that whenever 4 < ¢ < 4 + 6, 
1/4 — t) < —100. 

13 In the limit lim,.9+ t//x = 00, find a 6 > 0 such that whenever 0 < x < 6, t/,/x > 
100. 

14 In the limit lim,_.)+ 1/x* = 00, finda 6 > Osuch that whenever 0 < x < 6, 1/x* > 1000. 

15 In the limit lim,.,- 1/(1 — x?) = &, find a 6 > 0 such that whenever 1 — 6 < x < 1, 
1/(1 — x2) > 100. 

16 In the limit lim, _,,- 5/,/2 — x = o0, find a 6 > 0 such that whenever 2 — 6 < x < 2, 
5/./2 — x > 100. 

17 In the limit lim,_,,, 1/1 + 4t) = 0, find a B > 0 such that whenever t > B, I/(1 + 41) < 
0.01. 

18 In the limit lim,_,,, 1/t? = 0, find a B > 0 such that whenever ft > B, 1/t? < 0.01. 

19 In the limit lim,_,,, 2t2 — 5t = 00, find a B > 0 such that whenever t > B, 21? — 5t > 
1000. 

20 In the limit lim,_,, 2 + t? — 5 = ©, find a B > O such that whenever ¢ > B,t? + ? — 
5 > 1000. 

21 In the limit lim, ,,, ./5x + 1 = ©, finda B > Osuch that whenever x > B,./5x +1 > 
100. 

22 In the limit lim, ,_,,./x — 1 = —0o, find a B>0 such that whenever x < —B, 
Wx — 1 < —100. 

23 State the ¢,6 condition for the limit lim, .,- f(x) = L. 

24 State the «, 6 condition for the limit lim,_.. f(x) = 0. 

25 State the ¢, 6 condition for the limit lim,_.,, f(x) = —. 

26 Prove that lim,.,,, f(x) = oo if and only if the ¢,6 condition for this limit holds: For 


every A > 0 there is a B > O such that whenever x > B, f(x) > A. 


NEWTON’S METHOD 


The Increment Theorem for derivatives shows that when f’(c) exists and x ~ c, f(x) 
is infinitely close to the tangent line f(c) + f’(c)(x — c) even compared to x — c. 
Thus intuitively, when x is real and close to c, f(x) is closely approximated by the 
tangent line f(c) + f’(c)(x —c). Newton’s method uses the tangent line to 
approximate a zero of f(x). It is an iterative method that does not always work 
but usually gives a very good approximation. 

Consider a real function f that crosses the x-axis as in Figure 5.9.1. From the 
graph we make a first rough approximation x, to the zero of f(x). To get a better 
approximation, we take the tangent line at x, and compute the point x, where the 
tangent line intersects the x-axis. At x,, the curve f(x) is very close to zero, so we 
take x. as our new approximation. The tangent line has the equation 


y =f (x1) + f'(% 1) — x). 


We get a formula for x, by setting y = 0 and x = x, and then solving for x. 
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y 


Figure 5.9.1 Sf) 


0 =f) +f’ )O2 — x1) 
= f(x) 
Te) , 
We may then repeat the procedure starting from x, to get a still better approximation 
x3 as in Figure 5.9.2, 


X4 —. xy 


I (X2) 
f'(2) 


X3 = X2 — 


y 


Figure 5.9.2 I) 


NEWTON'S METHOD 


When to Use We wish to approximate a zero of f(x), where f'(x) is continuous and 
not close to zero, as in Figure 5.9.1. 


Step 1 Sketch the graph of {(x), and choose a point x, near the zero of f(x). x, is 
the first approximation. 


Step 2. Compute f'(x). 
Step 3 Compute the second approximation 


gi de, F (1) 
fs) 
Step 4 For a closer approximation repeat Step 3. The (n + 1)st approximation is 
given by 


x, = 
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Sst a CED 
n+t A f'(&p) 
As a rough check on the accuracy, compute {(x,) and note how close it is 


to zero. 
Steps 3 and 4 can be done conveniently on a hand calculator. 


Warning: Since Newton’s method involves division by f'(x,), avoid 
starting at a point where the slope is near zero. Figure 5.9.3 shows that when the 
slope is close to zero, the tangent line is nearly horizontal and the approximation 
may be poor. 


y 


Sa ey x 


Xy *y 


Ff) 


Figure 5.9.3 


EXAMPLE 1 Approximate a zero of f(x) = x? + 2x? — 5 by Newton’s method. 


Step 1 The graph is shown in Figure 5.9.4. We choose x, = 1 as our first approxi- 
mation. 


Step 2 f'(x) = 3x? + 4x 


fea) _,_()_9 
fe) 7 7 


Step 3 X2 =X, — 


Figure 5.9.4 
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SI (X2) _ x2 +2x3 — 5S 


(Ca) x5 aR a ~ 1.2430 


Step 4 x3 =X, 


As a check we compute 
f(x3) = x3 + 2x2? —5 ~ 001 
One more iteration gives much more accuracy: 
I (%3) x3 2x5 5 
3x3 + 4x3 
f(X4) = x3 + 2x3 — 5 ~ 0.000007 


~ 1.241897 


EXAMPLE 2 Approximate the fifth root of 6 by Newton’s method. 


Step 71 We must find the zero of f(x) = x° — 6. The graph is shown in Figure 5.9.5, 
Choose x, = 1.5. 


Step 2 f'(x) = 5x* 


x? — 6 
Step 3 xX, =X, — a ~ 1.437 
“4 
x3 —6 
Step4 x,=%)- a ~ 1.43102 
rae) 


As a check we compute 
(x3)° ~ 6.001 


In this example more iterations would be necessary if our first approximation 
had not been chosen as well. For instance, starting with x; = 1 we would not reach 


Figure 5.9.5 
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the approximation 1.431 until x,, obtaining the successive approximations 
x,=1, xX, = 2, x3 = 1.675, X4 = 1.49245, 
x5 = 1.43583, xX— = 1.43100. 


EXAMPLE 3 Approximate the point x where sin x = In x. 


As one can see from the graphs of sin x and In x in Figure 5.9.6, sin x and 
In x cross at one point x, which is somewhere between x = | (where In x 
crosses the x-axis going up) and x = 2 (where sin x crosses the x-axis 
going down). To apply Newton’s method, we let f(x) be the function 


f(x) = sinx —Inx 


shown in Figure 5.9.7. We wish to approximate the zero of f(x). 


In x 


Figure 5.9.6 


ba 


y = sinx — Inx 


Figure 5.9.7 
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Step 1 Choose x, = 2 (since the zero of f(x) is between 1 and 7). 
Step 2 f(x) = cosx — 1/x 


sinx, —Inx, sin 2 — In2 
Step 3) Xz =X, — ———— = 2 — ——— _ ~ 2.23593 
ar a cos x, — l/x, cos 2 — 1/2 


Step 4 Repeat Step 3. The values of x,, f(x,), and f'(x,) are shown in the table. 


n i f) f'&r) 

1 2.000000000 0.216150246 —0.916146836 
2 2.235934064 —0.017827280 — 1.064407894 
3 2.219185522 —0.000082645 ~ 1.054519059 
4 2.219107150 —0.000000001 — 1.054472505 


The answer is 
x ~ 2.219107150. 
On a calculator we find that 


sin (2.219107150) = 0.797104929 
In (2.219107150) = 0.797104930. 


PROBLEMS FOR SECTION 5.9 


Use Newton’s method to find approximate solutions to each of the following equations. (A 
hand calculator is recommended.) 


1 x? + 5x —10=0 2 2xt+x+4=0 

3 S+xe4x=1 4 2x + 3x = 2 

5 xt=x t+], x>0 6 xt=x+41, x <0 

7 x? — 10x + 4 =0, x>1 8 x -— 10x +4=0, 0<x<1 
9 x+/x=1 10 x + 1j/x =3 

11 e* = I/x 12 e+x=4 

13 x + sinx = 2 14 cos x = x’, x>0 

15 tan x = e*, 0<x<n7/2 16 e~+Inx=0 


5.10 DERIVATIVES AND INCREMENTS 


In Section 3.3 we found that the derivative of f is given by the limit 


fle + Ax) —f(o) 


? = li 
fi) wean Ax 
ly . Ay 
If y = f(x), a lim ; 


By definition this means that when the hyperreal number Ax is infinitely close to 
but not equal to zero, Ay/Ax is infinitely close to dy/dx. 

By contrast, the «,d condition for this limit says intuitively that when the 
real number Ax is close to but not equal to zero, Ay/Ax is close to dy/dx. 
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The ¢, 6 condition for the derivative can be given a geometric interpretation, 
shown in Figure 5.10.1. Consider the curve y = f(x), and suppose f’(c) exists. Draw 


I(x) 


(ce, f(c)) 


Figure 5.10.1 


the line tangent to the curve at c. For Ax # 0, draw the secant line which intersects 
the curve at the points (c, f(c)) and (c + Ax, f(c + Ax)). Then the tangent line will 
have slope f’(c) while the secant line will have slope 


fle + Ax) — flo) 
Ax : 


The «, 6 condition shows that if we take values of Ax closer and closer to zero, then 
the slopes of the secant line will get closer and closer to the slope of the tangent line. 


EXAMPLE 1 Consider the curve (x) = x'/3 
Then S'(x) = 4x77”, 
At the point x = 8, we have 
x=8 f(y=2 f(x) = 7) = 0.0833... 


— B+AN'3—2 1 
apes pests Ax “2 


This is the slope of the line tangent to the curve at the point (8, 2). As Ax 
approaches zero, the slope of the secant line through the two points (8, 2) and 
(8 + Ax, (8 + Ax)!/3) will approach #;. We make a table showing the slope 
of the secant line for various values of Ax. 


Ax Ay = (8 + Ax)!3 — = slope of secant line 


0.0621 0.0212 
0.0801 : 0.0032 


a 0.00829 = 0.0830 0.0003 
4 


0.3260 0.2427 
0.0871 0.0038 


0.0837 0.0004 
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The ¢,d condition for the derivative is of theoretical importance but does 
not give an error estimate for the limit. When the function f has a continuous second 
derivative, we can get a useful error estimate in a different way. It is more convenient 
to work with one-sided limits. 

By an error estimate for a limit 


lim g(Ax) = L 


Ax7 Ot 


we mean a real function E(Ax), 0 < Ax < b, such that the approximation g(Ax) 
is always within E(Ax) of the limit L. In symbols, 


|g(Ax) — L| < E(Ax) for O<Ax <b. 


THEOREM 1 


Suppose f has a continuous second derivative and |f"(t)| < M for allt in the 
interval [c, b]. Then: 

(i) Whenevere <¢ + Ax S by f(e + Ax)iswithin$M Ax? of f(c) + f'(c) Ax. 
Ie + Ax) — fle) 
Ax 
I'(c). That is, $M Ax is an error estimate for the right-sided limit 


fle + Ax) — fle) 


(il) Whenever c<c+Ax <b, 


is within $M Ax of 


Me ee oO 
There is a similar theorem for the left-sided limit 
lim Sle + Ax) — f(x) = fe) 
Ax 0- Ax ; 


with the error estimate M|Ax|. 


PROOF Let x = c + Ax. Then 
—-M<f"tIh<M fore <t<x. 


Integrating from c tof, 


| —~Mdt< | f(thdt s | M at, 


—-M(t-—ec) S f(t) -— f'(c) S M(t — ©). 
Integrating again from c to x, 


x 


[ —-M(t — c)dt <s [ro —filejdt < [me — c)dt, 


ee x Be a, WAND: 
g2, 2 
or -M K< (f(x) — flo) — f'(c) Ax < Moe 


Ax? 


2 


IA 


Ax? 
= Ma < f(x) — S(0) + f'(c) Ax) 
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This proves part (i) (Figure 5.10.2). Dividing by Ax we get part (ii). 


f(x) 


f(e+ Ax) 


Vf(c) + f'(c) Ax 


Figure 5.10.2 


EXAMPLE 1 (Concluded) We consider once more the curve f(x) = x!/? at the point 
x = 8. The second derivative is 


P09) = Bo 


First consider the interval (8, 9]. In this interval f“(x) has the maximum value 
f°(8)| = (8) 9? = §27>% = aaa. 


Thus we may take M = z4q, and 


I 1 : , ; Ay 1 
aM Ax = 98 4% is an error estimate for a Ae 43 
Ay 1 1 
Thus when Ax = 1, eo A < 593 = 0.0035, 
1 Ay 1 1 
= — < = 
when Ax io’ re a S R80 0.00035. 


Next consider the interval (7, 8]. This time we take 


M =|f"(7)| = (7) 37 = 0.0087. 


Then SM|Ax| = 0.0044|Ax| 
is an error estimate for the limit 
fare 
when Ax = —1, ~ _~ 3 < 0.0044, 
when Ax = = ie 5 < 0.00044. 


From the table in Example 1 we see that the error estimates are slightly 
Ay 1 


ter than the actual val f 
greater than the actual values o Ax 72 
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We shall now turn the problem around. Instead of using the increment Ay 
to approximate the derivative dy/dx, we shall use the derivative dy/dx to approximate 
the increment Ay. When Ax is small, f(c + Ax) will be close to f(c) + f’(c) Ax even 
compared to Ax. Part (i) of Theorem 1 gives the error estimate 5M Ax? for this 
approximation. This method is especially useful for approximating f(x) when there 
is a number c close to x such that both f(c) and f(c) are known. 


EXAMPLE 2 Find approximate values for ./9 and ./7.9. Both these numbers are 
close to 8, whose cube root 2 comes out even. Taking f(x) = /x and c = 8, 
we have 


fl) =2, file) = 7 = 0.0833... 
From Theorem | the approximate values are 
fle + Ax) ~ fle) + f'(c) Ax. 


Thus 
SO ~ 2+ ty = 2.0833, 
27.9 ~ 2 + th(-0.1) = 1.99167. 


To get an error estimate for ¥9, take the interval [8,9]. From Example |! 
we may take M = 74g. Therefore by Theorem 1, 


9 ~ 2.0833, error < $-qhg- 1? = 0.0035. 
Thus 2.0798 < 9 < 2.0868. 


To get an error estimate for WAR) take the interval [7,8] and M = 0.0087. 
By Theorem 1, 


</7.9 ~ 1.991667, error < 3(0.0087)(0.1)? = 0.000044. 
Thus 1.991623 < ¥7.9 < 1.991711, 


EXAMPLE 3. Find an approximate value for (0.99)°. 


Let fix) =x, c=. 
Then f(id=Ve=l, f(a = Set = 5. 
We put 0.99 =c+ Ax, Ax = —0.01. 


Then the approximate value is 
fle + Ax) ~ f(c) + f(c) Ax, 
(0.99)° ~ 1 + 5(—0.01) = 0.95. 


To get an error estimate we see that f“(u) = 20u°, so |f"(u)| < 20 for u 
between 0.99 and 1. Then M = 20, and 


0.01)? 
(0.99) ~ 0.95, error < ae (20) = 0.001, 
or 0.949 < (0.99) < 0.951. 


Theorem | is closely related to the Increment Theorem in Section 2.2. The 
relation between them can be seen when we write them next to each other. 
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INCREMENT THEOREM (Repeated) 


Hypotheses f''(c) exists and Ax is infinitesimal. 


Conclusion f(c + Ax) = f(c) + f(c) Ax + 2% Ax for some infinitesimal & which 
depends on c and Ax. 


THEOREM 1 OF THIS SECTION (in an equivalent form) 


Hypotheses f"(u) exists and |f"(u)| < M for all u between the real numbers c and 
c+ Ax. 


Conclusion _ f(c + Ax) = f(e) + f'(c) Ax + ¢ Ax for some real ¢ within 3M|Ax| of 0. 


Thus Theorem 1 has more hypotheses but also gives more specific information 
about ¢ in its conclusion. 


PROBLEMS FOR SECTION 5.10 


In Problems 1-6, find f‘(c) and an error estimate for the limit 


f(c + Ax) — flo) 


cat 2 aa © 
with 0 < Ax < 1. 
1 f@) =x?, c=1 2 f(x) = x8 — 5x, c= 10 
3 f(x) =2./x, c=4 4 fix=x/x, c=4 
5 f(x) = I/x, ¢=3 6 f(s) = Ifo? +1), c= 1 
7 f(x) = sin x, c=0, (0< Ax<na) 
8 f(x) = tan x, c=0, (0< Ax < 2/6) 
9 f(x) = cos (2x), c= 7/3, (0< Ax <n) 
10 f(x) = sin? (2x), c=7/2, (0< Ax <7) 
11 f(x) = Inx, c=1. (Q< Ax <1) 
12 f(x) = xInx, c=1, (0< Ax <1) 
13 f(x) = e, c=1, (0< Ax <1) 
14 f(x) =e, c=0, (0< Ax <1) 


In Problems 15-20, find f’(c) and an error estimate for the limit 

S(c + Ax) — fle) 
Ax 07 Ax 

with —1 < Ax <0. 


15 fi =./x, ¢ = 100 16 f(x) = 1/Bx + 6), ¢=0 
17 fix) =/x?t+1, c=2 18 fi) = 4x7, c=1 
19 f(x) =x/x +1, c= 1 20 fie! €=.2 


In Problems 21-38, approximate the given quantity and give an estimate of error. 


21 ./65 22 1/./50 
23 (0.301)* 24 3/30 
25 1/97 26 (99)32 
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27 1.02 + 1.02 28 (101 + ./101) 
29 (1.003)5 30 0.9997 


31 sin (5 + 0.04 32 cos (5 + 00 
33 tan (0.005) 34 sin (— 0.003) 
35 e0-002 36 e7 0-04 

37 In (1.006} 38 In (0.98) 


EXTRA PROBLEMS FOR CHAPTER 5 


In Problems 1-10. find the limit. 


, ie 27 3x +b 2 5 I 2x +4 
con x + Sx? — 1 xox 5 — 3x 
3 liner te 4 lim (x +1 ~ Sox? 4 
3x +2 . x-il 
5 x7(2 37 3x — 2 e ae Jx 1 
. x? -1 _ xt +3x—-1 
aes eee 
oti Eee ite im 
xox J/x sox x — /x +1 
11 Sketch the curve » = x — I/x. 
12 Sketch the curve » = | — x! 3. 
13 Sketch the curve y = I(x — 1)(x — 2)). 
14 Sketch the curve 7 — 4x? = 9, 
15 Sketch the curve y = |x — 1| + |x + IL]. 
16 Find the equation of the parabola with directrix » = 1 and focus F(1, —1). 
17 Sketch the curve y = —x? 4+ 2x + 4. 
18 Sketch the curve y = (x? + x. 
19 Find the foci and sketch the ellipse 
x? y? 
7G + go 1. 
20 Find the foci and sketch the hyperbola 
ea, 
21 Use Translation of Axes to sketch the curve 
4x? + 3? — lox + 2y + 16=0. 
22 Use Translation of Axes to sketch the curve 
—x? + 4)? — 6x — 10 =0. 
23 Use Rotation of Axes to transform the equation xy — 9 = 0 into a second degree 
equation with no X Y-term. Find the angle of rotation and the new equation. 
24 Use Rotation of Axes to transform the equation x) — y? = 5 into a second degree 
equation with no X Y-term. Find the angle of rotation and the new equation. 
25 In the limit lim,..4 lfsfx = 1/2, find a 6 > 0 such that whenever 0 < |x — 4| <6, 


[l/y’x — 1/2} < 0.01. 


26 


27 
28 
29 


30 


31 
32 
33 


34 
35 
36 


37 


38 


39 


40 


C] 41 


42 


EXTRA PROBLEMS FOR CHAPTER 5 


In the limit lim,.,.(x? — 1)? = oc, find a B>O such that whenever x > B, 
(x? — 1)'/? > 10,000. 


Use Newton’s method to find an approximate solution to the equation x + x!3 = 3, 
Use Newton’s method to find an approximate solution to the equation cosx = Inx. 
Find an error estimate for the limit 


_ (16+ Ax#—2 1 
pee Ax =ge VSS 


Find an error estimate for the limit 
. (84+ Axy?-3 2 
lim 


= c< 
Ax0+ Ax 27 es OS Ms 


Find an approximate value for (124)”? and give an estimate of error. 


Find an approximate value for (0.9996)° and give an estimate of error. 

Prove that lim,.,,. f(x) exists if and only if whenever H and K are positive infinite, 
J (A) is finite and f(H) = f(K). 

Prove that if lim,..,. f(t) = Land g(x) is continuous at x = L then lim,.., g(f(t)) = g(L). 
Prove that if lim,..,. f(t) = x and lim,.,,. g(x) = x then lim,_, g( f(t) = x. 


Suppose lim, ,,. f() = %, c is a positive constant, and cg(t) = f(t) for all t. Prove that 
lim,..,, g(t) = x. 


Prove that lim,_., f(x) = L if and only if for every real « > 0 there is a hyperreal 6 > 0 
such that whenever |x — c| < 6, | f(x) — L] <e. 


Let f be the function 

I if x is rational, 

Noe , if x is irrational. 

Using the ¢,6 condition, prove that f(x) is discontinuous at every real number x = c. 
Let g be the function 

x if x is rational, 

g(x) -| a 

0 if x is irrational. 
Prove that g(x) is continuous at x = 0 but discontinuous everywhere else. 
Prove that the function g in the preceding problem is not differentiable at x = 0. 


x? if x is rational, 
h(x) = 


Let 
0 if x is irrational. 
Prove that h’(0) exists at equals 0. 
Suppose f(t) is continuous for all t and 
im f(D = A, jim S(t) = B. 


If A < C < B, prove that there is a real number ¢ with f(c) = C. 


